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Abstract 

The worldsheet sigma-model of the superstring in AdS^ x has a 
one-parameter family of flat connections parametrized by the spectral 
parameter. The corresponding Wilson line is not BRST invariant for 
an open contour, because the BRST transformation leads to bound- 
ary terms. These boundary terms define a cohomological complex 
associated to the endpoint of the contour. We study the cohomology 
of this complex for Wilson lines in some infinite-dimensional repre- 
sentations. We find that for these representations the cohomology is 
nontrivial at the ghost number 2. This implies that it is possible to 
define a BRST invariant open Wilson line. The central point in the 
construction is the existence of massless vertex operators transforming 
exactly covariantly under the action of the global symmetry group. In 
flat space massless vertices transform covariantly up to adding BRST 
exact terms, but in AdS it is possible to define vertices so that they 
transform exactly covariantly. 



1 Introduction 



Nonlocal conserved charges play the central role in quantum integrability [T]. 
For the superstring in AdS^ x their existence was proven in the classical 
sigma-model in p] using the Green-Schwarz-Metsaev-Tseytlin formalism, and 
in [21 m E] using the pure spinor formalism. The existence of the nonlocal 
conserved charges at the quantum level was proven in [5l [6]. 

1.1 Open Wilson lines on the worldsheet 
1.1.1 Wilson lines and BRST operator 

The most important feature of the string worldsheet cr-model (besides the 
conformal invariance) is the existence of the BRST structure. The physically 
meaningful constructions should respect the action of the BRST operator 



The nonlocal conserved charges of [21 HI E] are only BRST invariant up to 
the boundary terms. To be more precise, we need to introduce the transfer 
matrix which is the generating function of the nonlocal conserved charges. 
For an open contour connecting points A and B on the string worldsheet: 



where is a contour connecting points A and B on the string worldsheet, 
and p is a representation of g = psu(2,2\A). The currents J[z] depend on 
the spectral parameter z and the representation p. The transfer matrix is 
a function of the spectral parameter z. It is the generating function of the 
conserved charges. It can be also though of as the Wilson line operator 
corresponding to the flat connection J[z] on the string worldsheet. In this 
paper we will use both expressions: "transfer matrix" and "Wilson line" , and 
understand them as synonyms. 

The BRST variation of the Wilson line Tp[C^] results in the boundary 



Qbrst- 




we define the transfer matrix: 
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terms. Using the notations of [7]: 



£QbbstT[C^]{z) 



^e\3{B) + ze\i{B)^T[C^]{z) 



(2) 



This equation is very interesting. Nontrivial boundary terms in ([2]) allow to 
"bootstrap" at least at the classical level the structure of r — s matrices, see 
Section 7 of [7]. On the other hand, these boundary terms present a problem: 
the nonlocal conserved charges are not physical quantities, at least not in an 
obvious sense. (Because they are not in the kernel of Qbrst-) What should 
we do with them? 

1.1.2 The plugs 

A natural thing to try is to find an operator which when inserted at the 
endpoint of the Wilson line would make it Q^iiST-closed. This is somewhat 
analogous to the open Wilson line in QCD. The expression Pexp A^dx^ 
is unphysical, because it is not gauge invariant. The physical quantity is: 



We may call ifj^A) and il){B) "the plugs" because they fix "leaking boundary 
terms" in gauge tranformations, or in BRST transformations. Can we find 
similar plugs for the Wilson line on the string worldsheet in AdS^ x In 
this paper we will report a progress in this direction. 

1.1.3 Wilson lines in infinite-dimensional representations 

Remember that the Wilson line depends on a choice of representation; we 
have to choose a representation p of psu{2, 2|4). Consider the space of states 
of the linearized supergravity multiplet in AdS^ x S^. It splits into the 
direct sum of infinitely many infinite-dimensional irreducible representations 
of psu(2,2|4), each corresponding to a BPS state. We will argue that when 
p is one of those infinite-dimensional BPS representations, then there is a 
suitable plug of the ghost number 2. This is closely related to the vertex 
operators for the massless states in AdS^ xS^. In fact we will relate the BRST 
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cohomology complex corresponding to the endpoint of the Wilson line to the 
BRST complex corresponding to the vertex operators. This is essentially 
an example of the Frobenius reciprocity. The main nontrivial point is the 
construction of the vertex operators transforming strictly covariantly under 
the global supersymmetries of AdS^ x S^. This is different from flat space 
where massless vertices transform covariantly only up to BRST exact terms. 

Wilson lines in infinite-dimensional representations played an important 
role in the integrable context in [8] in the construction of the Q-operator. 
They also played an important role in the AdS/CFT context in ^ for the 
interpretation of the YM Feynman diagramms in the string worldsheet the- 
ory. 

1.2 Representation theory interpretation of the SUGRA 
spectrum 

Consider an infinite-dimensional irreducible representation "H of psu{2,2\4). 
It is natural to ask the question: 

When does "H appear in the decomposition of the space of solutions 
of the linearlized Type IIB SUGRA equations in AdS^ x (4) 

The results of our paper imply that this answer can be answered directly in 
terms of the structure of H, as a representation of psu{2, 2|4). Namely, given 
H, we consider the following complex: 

. . . ^ n' ^ . . . (5) 

defined entirely in terms of H — see Section 17.2.21 Then, we claim that 
the multiplicity of 7/ in the space of linearized SUGRA solutions is equal to 
the dimension of the second cohomology H'^iQ endpoint , 'H' V) of this 
complex. (We only claim this when % has "high enough" spin on 5*^; see the 
end of Section WW ) 

1.3 The plan of the paper 

Most of the paper is about massless vertex operators in AdS^ x S^. In Section 
I2]we give a geometrical definition of vertex operators using the representation 
of AdS^ X as the coset space G/H. In Section |3] we explain what it means 
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for the vertex to be strictly covariant, and then in Sections H] and prove 
the existence of such covariant vertices. In Section E] we discuss the flat 
space limit of our construction. (Although it is impossible to construct the 
strictly covariant vertex in the fiat space, but nevertheless the construction in 
AdS^ X has a well-defined fiat space limit, which does transforms strictly 
covariantly, but only under a subgroup 5*0(1,4) x 5*0(5) C 50(1,9).) In 
Section [7] we explain how the covariant vertex plugs the endpoint of the 
Wilson line. In Section |8] we present some consequences of our construction; 
we explain how to prepare the vertex operator depending on the spectral 
parameter. 

1.4 Notations 

The algebra of supersymmetries of AdS^ x 5*^ has a Z4 grading: 

psu{2, 2|4) = g = go + gi + g2 + g3 (6) 
We denote Ug the universal enveloping algebra of g. 

Let g denote the group element of Wg, i.e. an element of the group PSU{2, 2|4): 

g = e'^e''^+^«e^ (7) 

where u G gg, Ol G gg, 9r G gi and x G gg. So defined Ol^r and x are 
coordinates of the super- y4(i5*5 x 5*^. The generators of g = psM(2,2|4) are 
the same as in [221 E] : 

tl G g3, G gi, tie g-2, tl^] G go (8) 

For a vector space L we will denote L' the dual vector space. In particular, 
the space of states is denoted "H and the space of linear functionals on the 
states is denoted "H'. We will mostly consider the linear functionals which 
are the values of some supergravity fields (such as the Ramond-Ramond field 
strength) at a fixed point in AdS^ x 5^. These could be also thought of as 
non-normalizable elements of H, "delta-functions type of states" in T-L. 

For an even vector space L we denote A^L the space of antisymmetric tensors. 
For an odd vector space A"L will stand for symmetric tensors. 

Example: gg is an odd vector space, and gg is the dual space. Therefore A^gg 
is identified with the fifth order polynomials of some bosonic spinor variable 
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2 Massless vertex operators as functions on 
the group manifold 



Massless vertex operators in AdS^ x 5*^ were introduced in [TO] . 

Using the group theory language, we can define the vertex operator as a 
collection of functions Va/sig), V^0{g) and V^^lg) of g E PS'f/(2,2|4) subject 
to the condition of go-covariance, which says that for any h G 5*0(1,4) x 
5*0(5) we should get: 



Va^ihg) = hih^^V^,p,{g) 
V^^ihg) = hih^V^,0,{g) 
V^^ihg) = hih^V^,0,{g) 



(9) 
(10) 

(11) 



Here and h^^ are the matrix elements of /i G Go acting on gs and gi 
respectively. 

For a tensor field <^«,...„„^ 



{g) we introduce the covariant derivatives: 



'^a'^ai...am /3i.../3„ (S') 
'^V'«i...am $1...$ n 

'^mn]</'ai...a™ /3i.../3„ (S') 



d_ 

ds 
d 
ds 
d 
ds 
d 
ds 



^a\...am f}\...jin 



n 



n 



-St 



[12) 



[mn] q j 



Collectively: 



'7T¥'ai...a^/3l.../3„(fl') - 



s=0 



(13) 



Note that the covariant derivatives for ri 7^ satisfy the condition of 
go-covariance, for example: 



r!Vp,{hg) = hih^;h'i;T!,Vp>,>{g) 



(14) 
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Also, the go-covariance condition — ( ITT]) can be formulated as the fol- 
lowing explicit expression for the covariant derivative T[^^] along go: 



s=0 

The condition that the vertex operator is Q-closed can be written as follows: 

= f{al3^S^)m (16) 
'^^^^7) = f{a^'^^i)m (17) 
Vg)^ + T^'^afS = faP^^my (18) 



TLv,\s) + r'v^, = (19) 



where A and S are defined by these equations. 
The gauge transformations are: 

^^,^v^P = r^a^P) (20) 

K,^y^p = (21) 

hr^Vap = r^^, + r^^a (22) 

where $ and $ are the parameters of the gauge transformations. 
The BRST operator is: 

q = Ql + Qr = y^T! + a^t;^ (23) 

Our definition of the vertex is slightly weaker than the definition of [10]. The 
definition of [lOj requires that: 

V^p = and = (24) 

the only nonzero component of the vertex remains V^p. In fact V^/j and V^^ 
are always Q-exact. Therefore the condition fl24p can always be satisfied by 
adding to the vertex something Qe/jsT-exact. In this sense the components 
Vap and V^^ can always be "gauged away". But we want the covariant 
vertex operator. We suspect that it might be impossible to gauge away Vap 
and V^p in a covariant way. This is the reason why we prefer to allow these 
components in the definition of the vertex operator. 
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3 Covariant vertex: the definition 



3.1 Vertices and states 

In string theory vertex operators represent states. Vertex operators are func- 
tions V{x, 6, A). The global symmetries act on x and 6, and therefore act on 
vertex operators. 

On the other hand, the global symmetries act on the space of states. 
Therefore the action of the global symmetry group on states should agree with 
the action on vertex operators. Naively, this would imply that if V^(x, 6, A) 
is a vertex operator corresponding to the state \E' then 

Vg^ix,e,\) = V^igx,ge,\) (25) 

But in fact this formula, generally speaking, holds only up to BRST-trivial 
corrections (terms which are Qbrst of something). 

Note that V*(x, 6*, A) is not defined unambiguously, because we could add 
to it BRST-exact terms and get physically equivalent vertex. We will prove 
that in AdS^ x 5*^ it is possible to use this freedom in the definition of V^^, and 
choose V^^ so that it transforms covariantly, as in fl25|) . In our proof we will 
use the fact that vertices corresponding to supergravity states exist. This 
was proven in [TU]. Given the existence of the vertex, we will prove that it 
is always possible to correct it by a BRST-exact expression, if necessary, to 
get a covariant vertex. 

3.2 Examples of covariant vertices: AdS radius and 
/^-deformation 

The first example of the covariant vertex was given in p] . It was shown that 
the zero mode dilaton vertex is given by the expressior|^ which is independent 
of X and 6: 

\/(x,0,A) = Str(A3Ai) (26) 

This operator plays the central role in [11]. The corresponding marginal 
deformation of the action changes the radius of AdS^ x 5*^. The radius is 
invariant under the global symmetries, therefore in this case covariance means 
invariance; the vertex f l2B]) is invariant under the global symmetries. This is 

^ Using the notations of [IT]: ryaaA^A" 
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related to the fact that the action of the pure spinor superstring in AdS^ x 
is exactly invariant under the global symmetries (while the action in fiat space 
is invariant only up to adding a total derivative). Our construction can be 
considered a generalization of f l26|) for fields with nontrivial dependence on 
X and 9. 

The second exampl^ is: 

= (g'Hh - X^)g), {g-'e'iXs - Xi)9)t (27) 

Here the indices a and b enumerate the adjoint representation of psu{2, 2|4). 
Notice that (1271) is antisymmetric under the exchange of a and b. Therefore 
this vertex transforms in the antisymmetric product of two adjoint represen- 
tations of psu{2, 2 1 4). This antisymmetric product splits into two irreducible 
components. The first component is the adjoint representation. But the part 
of (l27j) belonging to the adjoint representation is actually Q^iiST-exact: 

r'cKr = [{gMx^ - Xi)g), {g-'e'{Xs - X,)g)], = 

= eQBRsAg-'e'iX, + X,)g), (28) 

(Notice that this formula played an important role in Section 6 of [S].) 

The deformation of the action corresponding to (1271) follows from the 
standard descent procedure. Let us denote: 

Aa{e) = {g-'e{X3 - X,)g)a (29) 

This is the ghost number 1 cocycle corresponding to the local conserved 
currents, see also Appendix |Al It corresponds to the local conserved currents 
in the following sense: 

dAais) = eQUa) (30) 

where ja±{T^, t~) is the density of the local conserved charge corresponding 
to the global symmetries. Therefore: 

d{A^aie)Ab] ie')) = 2eQ3[aAt] {e') (31) 

and: 

d(j[,Af,](£)) = --£g(j[aAjb]) (32) 

^Note in revised version: a more detailed discussion of V^^*''^ will be presented in the 
forthcoming paper with O. Bedoya, L. Bevilaqua, and V.O. Rivelles 
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We conclude that for any constant antisymmetric matrix B we can infinites- 
imally deform the worldsheet action as follows: 




(33) 



^ ^ _j_ j^[kl][mn] 




X[kdXi] A X[mdXn] + 



(34) 



where Xj describes the embedding of into and dots denote 6'-dependent 
terms. These ^-dependent terms appear because ja includes 0. Eq. (!34l) 
corresponds to the marginal deformations of the TV = 4 Yang-Mills known 
as [i- deformations [12], as follows from their quantum numbers. 
The subspace g C g A g corresponds to B of the following form: 



where A^^ is antisjmametric matrix; then the corresponding deformation 
of the Lagrangian is a total derivative d{A^'^ XmdXn) ■ The complementary 
space has real dimension 90, it corresponds to the representation 45c of so(6). 
This is the expected quantum numbers of the linearized /3- deformation, cp. 
Section 3.1 of and references therein. It was observed in that some 
of these deformations are obstructed when we pass from the linearized su- 
pergravity equations to the nonlinear equations. Not all of the deformations 
can be extended to the solutions of the nonlinear supergravity equations 
as solutions constant in AdS^ directions, but only those which satisfy some 
nonlinear equations on B°^^ . If these nonlinear equations are not satisfied, 
then the nonlinear solutions will have "resonant terms" and because of these 
resonant terms will not be periodical in the global time of AdS^. 

3.3 Universal vertex 

Suppose that we are looking at the massless states transforming in some 
representation of the global symmetry group PSU{2, 2|4). For every state 

■^Similar phenomenon for "fast moving strings" was discussed in [Mj [15]. Generally 
speaking, deviations from periodicity in the global time of AdS correspond to something 
like anomalous dimension. In this case it shows that the beta function of the deformed 
theory is actually nonzero at the higher order in the deformation, unless if additional 
(cubic) constraints are imposed on the deformation parameter. 



[A;i][mn] rfem a In X^™ Akn , Hn a km rfen Aim 



(35) 
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\1/ G "H we have the corresponding vertex operator V(\l/). As we discussed, 
V(\l/) consists of the components: Vq,/3(\1/), Va$W '^a$i'^)- write V 
instead of V to stress that V is a function of Mathematically it would 
be more appropriate to call it "a linear operator from the space of states to 
the space of vertex operators" . We will call V the "universal vertex" for the 
representation H because it is a uniform definition of vertex operators for all 
states in Ti: 



The global symmetry group G = PS'f/(2,2|4) acts on both space of states 
and space of vertex operators. It acts on the space of states by definition, 
because it is the global symmetry group of the theory. It also acts on the 
space of vertex operators. The action on the space of vertex operators may 
seem obvious, but we would like to spell it out explicitly because we feel 
that some confusion is possible. A vertex operator has components Va/3, V^^ 
and V^,^ which are all functions of the group element g, i.e. 1^/3(5'), V^^^g) 
and V^p{g) satisfying the conditions of go-covariance ([9]) — ffTTl) . Then, the 
action of the global symmetry transformation g' G PSU{2, 2|4) is defined as 
follows: 



Because g' hits g on the right, this action of the global symmetries is man- 
ifestly consistent with the conditions of go-covariance Q) — ffTTj) and also 
commutes with the covariant derivatives f[T^ . 

This defines the action of G on V(\E') for any fixed \E'; the expression: 



V : n 



(functions of x, 9, A) 



(36) 



(37) 



is defined by fl5B]) : 



( 9'-{Vm) M = ( Vi^) ){99') 



(38) 



3.4 Covariant universal vertex 



It is natural to ask, if it is true that (1H7I) is equal to this: 



V{g'^) 



(39) 
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In other words, if it is true or not that: 

{V{^)){gg') = {V{g'^)){g) (40) 

This is not automatically true. What is automatically tru^ is this statement: 

( ){gg') = ( Vig'-^^) ){g) + QBi?sT(smth) (41) 

Remember that vertex operators are defined modulo BRST-exact expres- 
sions. The question is, can we choose a representative for V(\l/) in the equiv- 
alence class of V(^) ~ V(^) + Qbj?5t (smth), "uniformly in so that (gD]) 
is true? 

The answer to this question is "no" in flat space, but "yes" in AdS. It 
turns out that in AdS^ x it is possible to choose the vertex operator to 
be covariant. 

Let us introduce the notation for the action of the global symmetries 
(compare to ffT^ ): 

d 



nse"') (42) 

t=0 



Deflnition: The covariant vertex is a superfleld 



V(*) = X^X^V^^i^) + A"A^V,^(v&) + A"A^V^^(vl/) (43) 
depending linearly on the state and such that: 

1. It is annihilated by Q: 

(A^r, + X'^%)Vi^) = (44) 

and is not Q-exact, and 

2. the action of the global symmetry on V as a function of g 
agrees with the action of the global symmetry on the space 
of states: 

r.V(*) = V(r^) (45) 

^"Automatically true" means true under the assumption that the vertex operators 
exist. The existence was proven in |10] . 
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4 Taylor series for the vertex. 



Let us study vertex operators for states which are not necessarily normahz- 
able. In other words, let us forget about the boundary conditions near the 
boundary of AdS, and study the supergravity states which are not necessar- 
ily normalizable. Moreover, let us pick a point in AdS^ x and consider 
the Taylor expansion of the supergravity fields around this point. Let us not 
worry about the convergence of the Taylor series. Just study the supergrav- 
ity equations, BRST cohomology etc. on formal Taylor series. The question 
of convergence, and the question of the behaviour at spacial infinity, can be 
studied later. 

For the study of the Taylor series the mathematical notion of the coin- 
duced representation is useful. 

4.1 A review of coinduced representations 

Let us study the supergravity fields around a point in AdS^ x correspond- 
ing to the unit 1 G G. If we do not insist on convergence, then the space 
of supergravity fields around a point can be replaced by a more algebraic 
notion, the so-called coinduced representation |16j . 

For a representation V of Go? we define the coinduced representation Coiad^^V , 
in the following way: 

Definition : 

the space of linear functions / from the universal enveloping al- 
gebra Wg to V , which satisfy the condition of go-invariance: 

f{xi) = p(a;)/(0 for any x G go, ^ eUg 

is called the coinduced representation and denoted Coindg^l^. 

The mathematical notation for such functions is: 

/eHomg„(Wg,V) (46) 

Here "Hom(A, B)" means the space of linear maps from A to B, and the 
subindex go means go-invariant functions: f{xC,) — p{x)f{^) = 0. 
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The action of g on this space is defined by the formula: 

x.fiO = fi^^) , for X G g, e e Wg (47) 

To summarize: 



Coind|^V^ = Homg„(Wg,V^) 



We will now explain that Coindg^^l^ encodes the Taylor series of various tensor 
fields on AdS^ x S^, where V is the representation of go corresponding to the 
type of the tensor. 

Let us start with the trivial representation = C of gg. In this case we 
should get scalar fields on AdS. The correspondence between the elements of 
HomgQ(Wg, C) and the scalar fields on AdS goes as follows. Given a scalar 
field (t){g), the corresponding element / G HomgQ(Z^g, C) is given by the 
formula: 

f{XiX2---Xn) = X1.X2 . . . Xn.(p{l) (48) 

where 



X1.X2 . . . Xn.(j){9) = ^7 ^ 

dti dtrr 



=tn=0 



In this case the go-invariance condition says that /(x^) = for any x G go, 
and this is indeed satisfied for / defined in ( HHj) because (f){e^) = 0(1) for any 
X G go because (p is well defined on G/Gq. 

There is also a map going in the opposite direction. Namely, given / a 
linear function from Ug to C we define the corresponding scalar field (f){g) 
as follows: 

^{g) = fig) (49) 

Note that on the right hand side we treat g as a group element E of wg. 

We have just explained why for = C the space Homgg(Wg, V) encodes 
the Taylor coefficients of the scalar function on AdS; for general V a similar 
construction shows that Homgy(Wg, V) encodes the Taylor coefficients of the 
tensor field with indices transforming in the representation \^ of go. 



^The ^ G Ug is called group element if it is of the form ^ = for some x £ g 
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4.2 Pure spinors 

To describe the linearized SUGRA in AdS^ x 5*^ we need two pure spinor 
variables A3 G gs and Ai G gi satisfying the constraints: 

{A3,A3} = {Ai,Ai} = (50) 

We will consider various types of vertex operators, which are homogeneous 
polynomials in A3 and Ai. Note that fl50|) are invariant under the action of 
go- Therefore the polynomials of A3 and Ai form a representation of go- We 
will introduce the notation for such polynomials: 

Definition : We denote P^™'") the space of polynomials of A3 and Ai 

which have the degree m in A3 and n in Ai. 

We will define the polynomials of A by specifying their coefficients, which 
are elements of A^gg ® A"g']^ (see Section [1.41 for notations). We have to 
"discard" those polynomials which are identically zero because of the pure 
spinor constraints (ISOll . 

As a trivial example, let us consider the quadratic polynomials of A3. The coeffi- 
cients belong to A^gg. Let us denote the basis vectors of gg, such that: 

The space A^gg consists of expressions of the form Uapt"^ ® tg where [7^/3 = f^/3o- 
As an example of the polynomial which is identically zero, take /^^tf <8> where 
/^^ is the structure constants defined by = /^^i^- Such a polynomial is 

identically zero because of the pure spinor constraint ([5U|) : 

To summarize: 

p(m,n) ^ (A-g^/(A-g^)„^^^) ^ (A"g;/(A«g;)„„,,) (51) 

where (A'^gg)^^;; denotes a subspace of A^gg corresponding to those poly- 
nomials on g3 which vanish identically on A3 because of the pure spinor 
constraint. 
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We will also introduce: 

(52) 

m+n=l 

Note that and are representations of go, but not of g. The con- 

struction of coinduced representation is used to build the representations of 
g from these spaces. 

4.3 Vertex as an element of Coindf 

go 

In this section we consider the Taylor series of the vertex operator and do 
not bother about the convergence and the behaviour near the boundary. 
Then the vertex operator can be considered an element of the coinduced 
representation: 

V(*) e Coind^^P' (53) 

We would like to discuss vertex operators "uniformly" for all vectors ^ G "H. 
We will therefore introduce the "universal" vertex operator: 

V e Homc(?^, Coind^^P') (54) 

In other words, we have a linear function on the Hilbert space which to 
every vector ^ eH associates the corresponding vertex operator: 

V : *^V(*) e Coind|^p2 (55) 

Given a state ^ e ?^ we get V(\E') — an element of Coindl^T'^. This means, 
by definition, that for every ^, the object V(^) is a hnear map from Ug to 
satisfying the go-invariance condition: 

V(^)«) = p{x) V(^)(0 for any x G go, ^ G Wg (56) 

Given such V(^), how do we construct the "usual" vertex operator? As an 
element of Coind||jjP^ our V(^) is a function of ^ G Ug with values in V^. 
Let us evaluate this function on a group element C = g = e^, where a; G g. 
We get V{^){g) — an element from V"^, i.e. a quadratic polynomial in A3 and 
Ai. The "usual" vertex opearator is just the evaluation of this polynomial: 

V^{g,X) = Vmg){X) (57) 
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4.4 Action of the BRST operator 

The BRST complex is: 

(58) 

The BRST operator acts on the universal vertex V(\E') in the following way: 

(Qbh5tV)(v1>)(0(A) = VmiXs^ + AiO(A) (59) 

Note that QbrstV is an element of Homc('H, Coindg^^P'^). In terms of the 
"usual" vertex V<f,{g, A) defined by (!57j) we get: 



QBRSTV^i9,>^) = 4i 

at 



V^{e'^''+'^^g,X) (60) 

t=o 



4.5 Covariant universal vertex 

Statement of covariance Note that in Eq. ( 15^ we use the notation 
Home rather than Homg. There is no apriori reason why V would respect 
the action of g. But in the next section we will see that under some conditions 
onT-L, it is possible to choose the universal vertex operator which does respect 
the global symmetry. We will call it the covariant universal vertex: 

V G HomgCH, Coind|^p2) (61) 

Given Eq. ( H7I) this implies: 

V(^)(ex) + V(x^)(0 = (62) 

Condition on H: sufficiently high spin The conditions on H are the 
following. Consider as a representation of so{6) C g — the symmetry 
algebra of S^. As a representation of so(6), H is the direct sum of infinitely 
many finite-dimensional representations of so(6). We request that the mini- 
mal value of the quadratic Casimir of so{6) on "H be sufficiently high. 

5 Existence of the covariant vertex 

In this Section we will use some facts about the Lie algebra cohomology 
which we learned mostly from [16l HZl |18] . See Chapter 3 §6 of [19] for a very 
brief summary. 
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5.1 Brief summary 

The physical states correspond to the cohomology of Qbrst at the ghost 
number 2, therefore: 

Homg(H, H\Qbrst, Coind||,P*)) = C"(^) (63) 

where d{T-L) is the muhiphcity of H (how many times H enters in the SUGRA 
spectrum on AdS^ x S^). We will argue that the second cohomology of the 
BRST operator can be calculated using the covariant subcomplex. In other 
words, 

Rom^{'H,H\QBRST,Comd\lV)) = H\QBRST,'Rom^{'H,ComdlV')) 

(64) 

(Notice that Homg('H, Coindg^P*) is the covariant subcomplex.) To prove 
Eq. (IMIl we rewrite it in the following form: 

H\ g , HomcCH, H\Q BRST, CoindllV)) ) = 
= H\ Qbrst , H%g, Homc(H, Coind|,P') ) ) (65) 

Here we have used the fact that for any representation L of the Lie algebra g 
the zeroth cohomology group -ff°(g, L) equals the space of invariants InVgL. 
In particular, for two representations A and B, g , IIomc(^, -B) ) = 
Homg(^, B). 

The idea of the proof of 0651) is to note that the left and the right hand 
side of are two different second approximations to calculating the coho- 
mology of the "total" differential Qbrst + Qbie- Therefore the equality of 
the left hand side and the right hand side follows if we prove that the second 
approximation is actually exact. 

5.2 Bicomplex and spectral sequence 

Let us start by fixing some universal vertex (not necessarily covariant): 

V : H^Comdl^V^ (66) 

At this point we do not require that this vertex is covariant; it is apriori an 
element of Homc('H, Coindfj^P^) rather than Homg('H, Coindfj^P^). We will 
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introduce the Lie algebra BRST operator of g. For each generator ti of g we 
introduce the corresponding ghost c\ and define: 

Que = c% - \f¥c^^, (67) 

We will consider the action of Qhie on expressions polynomial in c*. The 
polynomials of c* are specified by their coefficients; in degree / the coefficients 
live in A'g*. Therefore Que acts on the vertex operator as follows: 

Homc(?^, Coind^^T^^) Qi^ Homc(?^, Coindl^T'") ® g (68) 

We will consider the bicomplex with the differential Qtot'- 

Qtot = Qbrst + Que (69) 

To prove the existence of the covariant vertex we will consider the spectral 
sequence computing the cohomology of this bicomplex. There are two ways 
to construct the spectral sequence. One can first calculate the cohomology 
of Qbrst and then consider Qiie as a perturbation. The other way is to first 
calculate the cohomology of Que and then consider Qbrst as a perturbation. 
These two ways of calculating the cohomology of Qtot should give the same 
result. We will see that this implies the existence of the covariant vertex. 
We will now consider the two methods in turn. 

First Qbrst then Que The first term of the spectral sequence has: 

^i'' = ^QBKST(Honic(^, Coind|„P-)) ® A^g' , d, : Ef'^ ^ E^^'^ (70) 

where A^g' stands for the c-ghosts; an element of Ef''^ is schematically A^c^. 
The differential in the first term is di = Que- The second term is: 

£;r = //^( g, //^,^,,(Homc(?^,Coind|„7'-)) ) , d, : ^ El'^'^'^-' 

(71) 

The higher differentials are of the type d^ '■ Ef''^ £]p+r,<i+'^ r_ 

First Que then Qbrst The first term is: 

E^,'' = HP{ g, Homc(?^, Coind^^P^) ) , d, : E{''' ^ E{'''^^ (72) 
where di = Qbrst- The higher differentials are of the type dr : -B^'^ — >■ 

^p+l-r,g+r_ 
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Figure 1: The first page of E and E; arrows denote di and di. Tlie Lie algebra 
gtiost number (tiie number of c's) increases in tlie liorizonthal direction, while the 
BRST ghost number (the number of A3 plus the number of Ai) in the vertical 
direction. 



Existence of the covariant vertex First of all, we want to show that 
= E'^'^. The first observation is that by definition di : E^''^ — )■ eI''^ is 
zero. This is because the vertex is covariant up to BRST-exact correction 
(see Eq. ( 14T]) ). Therefore E^''^ = -^2'^. Also, we will show (for Ti with large 
enough spin) that E^'^ = E^''^ = 0. This implies that E^^ = E^'^. 

Then we remember the relation between E^ and H'^{Qtot), which is the 
following. The space H'^{Qtot) = E"^ has a filtration, corresponding to the 
number of the c-ghosts. Namely, F^E^ consists of expressions containing 
at least p c-ghosts. Then E^^ = E^F^E^ = H\Qtot)/F'H\Qtot)- To 
summarize: 

Ei''^ = [unintegrated vertices] (73) 
El'' = H\Q,,,)/F'H\Q,,,) (74) 

On the other hand we will show that E\'^ = E^'" = (see Eqs. (IHTD. (|90D) 
and also that eI''^ = (similar to (!90l) ). This implies that: 

H'(0 .^^lA^El^^El_ 

^^'"'^ - Im d, : El'' Er ^ ^ 

We are now ready to prove the existence of the covariant vertex. Notice that 
= H% g, Homc(?^,Coind|^P5) ) is the space of functions /vp(x,^. A), 
parametrized by ^ G "H, transforming covariantly under g. This means 
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Figure 2: The second page of E and E; arrows denote d2 and d2- 
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Figure 3: The differential ds of E^. 

that E^'* is the covariant subcomplex of the BRST complex. (The subspace 
consisting of the covariant expressions.) And Eq. (175!) shows that: 

H'^iQtot) is the second cohomology of the covariant subcomplex (76) 

Now the comparison of (173|) . (!7il) and (!76l) shows that the cohomology of 
Qbrst can be calculated using the covariant subcomplex. In fact, if the rep- 
resentation % has large enough momentum in S"^, then F^E"^ is zero (because 
already E^ and i?2'° are zero). This means that the factor space on the right 
hand side of ([71]) is just H'^{Qtot)- 

This means that there is a covariant choice of the vertex. In the rest 
of this section we will prove the required vanishing theorems and explain 
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explicitly how the non-covariant vertex can be modified into the covariant 
one. 



5.3 The descent 

Since the vertex transforms covariantly up to BRST-exact terms, we must 
have: 

QL^eV = QbRST^^ (77) 

where 

W G Homc(H, Coind|,P^) ® g (78) 
Note that QiieVV is QBRsr-c^osed and has ghost number 1: 

QLieW e Homc(H, Coind^^pi) ® k\ (79) 

We want to argue that there exists U such that QlicVV = QbrstU. More 
precisely: note that we are free to add to W something in the kernel of 
Qbrst', we want to prove that it is possible to use this freedom and choose 
W so that there exists U such that QiieW = QbrstU- An obstacle to this 
would be a nonzero where 

^ H\g, i7i^^^^(Homc(H, ComdlV'))) (80) 

We want to argue that the space H^{g, -ffQ^^g^(Homc('H, Coindg^C))) on 
the right hand side is zero. Note that the BRST cohomology in ghost number 
1 corresponds to local conserved charges. But the only conserved charges 
are the global symmetries psu{2,2\A), and those transform in the adjoint 
representatioij^ of g. This means that on the right hand side of (ISUjl we have: 

H\g, Homc(H,g)) (81) 

This cohomology group is zero. Indeed, we can compute it using the Serre- 
Hochschild spectral sequence of geven C g. Already the first term of this 
spectral sequence consists of the following spaces, which are all zero: 

Homg^„^„(A Homc(7^,g)), H\ 

Severn Homc(godd®'H,g)) , 
i/2(g^„^^,HomcCH,g)) (82) 



^See Appendix for the classification of the vertex operators of the ghost number 1 in 
the covariant BRST complex. 
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Figure 4: Adjustment of the vertex operator. 



Note that ^even = gA © gs wheie gA = so(2,4) and = so(6). Consider 
the corresponding Casimir operators and A5. For the cohomology to be 
nonzero, we need both of them zero, but A5 is positive definite at least for 
'H. with large enough momenta. (Note also that 'H is an infinite dimensional 
irreducible representation of g, so there are no invariants in its tensor product 
with powers of g.) 

Therefore QueV^ = QbrstU for some U. In other words is zero, and 
we can proceed with computing 0^3. 

Consider Z = QnJA. Note that Z has zero pure spinor ghost number, 
and QbrstZ — 0. Since Z is of ghost number 0, this implies that Z is 
a constant; it does not contain any x or 9. Also, we could have added a 
constant to U without affecting QbrstU'-, therefore Z by itself is not very 
well defined by our construction. What is well defined is Z modulo the image 

of Que- 

[Z] e Hl^^jn' ® A-g) = H^g, n') (83) 
5.4 The ascent 

But the Lie algebra cohomology group H^{g,'H') is zero: 

H'{g,n')^0 (84) 
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One can see that it is zero from the Serre-Hochschild spectral sequence cor- 
responding to geven C g. Already the first term of this spectral sequence 
consists of the following spaces, which are all zero: 

= H\g,,en, Homc(godd, n')) = H^igeven, W) = (85) 

The vanishing of these cohomologies can be proven as follows. Note that 
^even splits iuto gA = so(2, 4) and g5 = so(6). For the cohomology to be 
nontrivial, both Aa and A5 should be zero. But — A5 is positive definite. 

Therefore we can remove Z by modifying W, adding to W a constant term 
-MA so that the modified U - AU has QueilA - AU) = 0. (Note that 
adding the constant term does not change the image of U under Qbrst-) 
Is it possible to find such W that U — AU = QLieW? The answer is "yes", 
because 

H\g, Homc(?^, Coind^^C)) = (86) 

This can be proven using the Shapiro's lemma (Proposition 6.8 and Theorem 
6.9 from [16j): 

i/2(g,HomcCH,Coind||„C)) = 

= ExtJ„(H|g„,C)= (87) 

Note that go = so(l,4) © so(5). We want to prove that H'^{go,'H'\go) = 0- 
The space "H' consists of functionals on the space of states. Since we work 
in the vicinity of the fixed point Xq G AdS^ x our T-i' is generated by 
the values of various supergravity fields at the point Xq. For example the 
Ramond-Ramond field strength Hijk{xo) and its derivatives. Under the ac- 
tion of so(l, 4) ©so(5) this space splits into infinitely many finite-dimensional 
representations. For example diH^ji^xo) lives in (Vect © A^Vect)o where Vect 
is is the vector representation of so(l,4) © so(5) and index means that 
the contraction g^^diHj^i is zerc0. It follows from the general theory of Lie 
algebra cohomology that of so(l, 4) © so(5) with coefficients in any finite- 
dimensional representation is zero. 

^this is an over-simplification; in fact one lias to add also the expression of the form 
gPP gii FikipqHjp'qi , for the contraction to be zero; the Ramond-Ramond 5-form Fikipq is 
nonzero in the AdS background. 
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These arguments imply that W is in the image of Que- We can modify 
W by adding to it: 

AW = QbrstQiIU' (88) 

Then we have: 

gL,e(>V + AW) = (89) 

Now we use: 

i/^(g,Homc(7^,Coind|„g<,dd)) = 

= //^(go, ®c godd) = (90) 

Therefore W + AW is in the image of Que- 
Now the modified vertex: 

v + QBRSTQil{y\^ + ^y\^) (91) 

is covariant. 

Our procedure could perhaps be summarized as follows: 

Vc^ariant = V + QbRStQIIO^ + QbRStQIUU - Que^)) (92) 

where 

^ — QmiSTQLieV 
^ = QBRSrQLiey^ 

Z — QueU (does not depend on X, 0) 

6 How the descent procedure works in the 
flat space Hmit. 

In fiat space it is impossible to choose a covariant vertex, because of the 
nontrivial cohomology 

Z e if^ (super- Poincare algebra, C) (93) 

which represents the NSNS 3-form field strength. 

But one can satisfy a weaker covariance condition. Note that in fiat space 
the generators of the Lorentz subalgebra so(l, 9) of the Poincare algebra can 
not be obtained as commutators of other generators. Therefore it is consistent 
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to require the covariance under all translations and supersymmetries, but 
only some rotations. In particular, it turns out that we can choose a vertex 
covariant under: 

SPsma/z = {translations, supersymmetries, and so(l,4) © so(5) C so(l,9)} 

(94) 

This is a subalgebra of the super-Poincare algebra: 

SPsmall C SP (95) 

corresponding to the split of the space-time: 

= R^+^ X R| (96) 

We will say that the ten spacetime directions split into 1 + 4 A-directions 
and 5 S-directions (the letters A and S stand for the AdS and the sphere). 
Let us now explain how the diagramm of Fig. H] works in flat space. 

6.1 Maxwell field 

Instead of considering Fig. H] literally let us study the similar diagramm for 
the supersymmetric Maxwell field (rather than supergravity) . This is a toy 
model; the supersymmetric Maxwell field in flat space is "one half of the 
supergravity field". The "usual" (non-covariant) vertex operator is of the 
form: 

vix, 6) = (Ar^^)a^ + {\T''e){^Tf'e) - ^{eT^'''pe){\Tpe)d[^a,] + ... (97) 

where = a^{x) and ip = ip{x) are the vector potential and the photino. 
6.1.1 Action of the Poincare algebra 

Let us first try to understand if it is possible to choose the vertex covariant 
under the even Poincare algebra. The vertex operator fl97j) involves the gauge 
field a^. Because of the gauge invariance the gauge field is not in one to one 
correspondence with the physical states. The physical states are described 
by f^u = d^tti, — d^a^, not by a^. To describe in terms of ffj_^, let us break 
the translational symmetries by choosing a point in space-time. Then we 
can write, in the vicinity of the chosen point: 

a = LE^f (98) 
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where E = x'^-^ and le and Ce are the corresponding l and Lie derivative. 
For example, Ce^xcIx) = 2xdx and lecIx = x. Note that Eq. ( |98l) is one 
particular way to choose a vector potential with the field strength /. 

Let us therefore replace a with le^^J ■ This breaks the translation sym- 
metry, since the gauge fl98l) depended on a choice of point x = 0. Can 
we restore the translational symmetry? Let us introduce the operator Qiie 
acting on the physical vertex operators in the following way: 



(99) 



Here the index / runs over an infinite set enumerating the basis vectors of 
"H, and are the generators of translations Fermionic parameters c'^ 

are the Lie-algebraic ghosts of the translation algebra. This operator Qiie 
measures the deviation of the vertex operator from transforming covariantly 
under the action of the global shift. We observe that QLieV is d of something: 



Q 



Lie 



^E-^f 
L,E 



' 1 " 




L-E 





'I 1.1 

f'c~p i-E~p:~l-c~pr~ 



Ce Ci 



f 



d 



Ce{Ce + 1 
Let us calculate Qiie of this "something": 

1 



(100) 



Q 



Lie 



Ce{Ce + 1; 
1 



(££; + l)(£s + 2 

1 

(£i5 + l)(£s + 2 



t-E^-cf j — "yCc 
Cc l-E l^c f + 



1 



Ce{Ce + 1 
1 



-i^Elc \ f 



-^l f + 



Ce{Ce + 1) 
2 



I'E I'c Cc f - 
L-El-cCcf 



(101) 



Expanding / in Taylor series around x = 
df = we can see that (llOip is equal to: 



and taking into account that 



(102) 



We should stress that fllOip is equal to the constant (independent of x) ex- 
pression fll02p . In other words, the only term in the Taylor expansion of fllOip 
around the point x = is the constant term. One can see it, for example. 
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because the Lie derivative Ce of fllOip vanishes. This can be seen from the 
identity C-Eilf + 2LEic^cf = which follows from df = 0. 

Notice that if we started with some other point xq (not the origin), then 
f ll02p would change by Que of something. For example, an infinitesimal shift 
by y would change ( I102p by the (^Lie-exact expression: 

^ily'd.fiO) = yWd,f,M = -c^d'd.U.yP = QueiUpC^y") (103) 

(This is a manifestation of the general fact, that a Lie algebra acts trivially 
in its cohomology.) 

The Qiie-cohomology class of: 

^c/(0) = ^.(O)c^c^ (104) 

is the obstacle for defining a such that / = rfa in a covariant way. 

We have so far discussed only the action of shifts. The expression f ll04p as 
we defined it represents the cohomology class of the algebra of translations 
R^+^. But we can also think of it as a cocycle of the Poincare algebra. 
Indeed, f^u transforms covariantly under rotations and boosts and therefore 
(I104p is closed under the Que of the full Poincare algebra. 

The Que of the full Poincare algebra is the sum of Q*r?"'«''**«o"« of translations 
R^"*"^ and Q^l^^*^ of rotations and boosts. Expression ()104p is in the kernel of 
Qtransiations j-^y q^^. construction, and more explicitly because / is a closed form. 
But it is also in the kernel of Q^l^^*^ because / transforms covariantly under 
rotations and boosts. 

Another question is whether or not f ll04p is exact. One can see that this is 
not exact as a cocycle of the full Poincare algebra, in the following way. Let 
P stand for the Poincare algebra. We have: 

^.(0)c^c^G//2(p,-H') (105) 

Notice that the space of states of the gauge field contains a proper subspace 
closed under the action of the Poincare algebra. (In other words, it is not 
an irreducible representation.) This subspace consists of those gauge fields 
which have a constant field strenght: f^u{x) = ff_iu{0)- Let us call this 

subspace T~Lzero— modes ■ 

T~^zero— modes C T~L (106) 
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Therefore there is a projection 

^ ijH- zero— modes) (-^^'^) 

This projection naturally acts on the cocycles of P with values in "H', and 
therefore on the cohomology groups: 

U' ® A'P ^ {n.ero-modes)' ® AT 

—modes )') (108) 

It is straightforward to see that the projection of (11041) to {Hzero-modes)' 
is automatically a nonzero cohomology class. 

Indeed T~i'^^^^_^g^^g transforms as antisymmetric rank 2 tensor of the Lorentz al- 
gebra, and trivially under translations. Therefore the cohomology complex of the 
Poincare algebra with coefficients in 'H'^^j.^_j^g^^g is equivalent to the cohomology 
complex of the Lorentz algebra with coefficients in A^R^"^^ (8) A'R^"*"^; the projec- 
tion of ([Toil) is in H^{Lorentz, (A^R^+s ® A2Ri+9)i„„). 

This implies that (11041) represents a nontrivial cohomology class in -ff^(P, "H'). 
This is what prevents us from choosing the vertex covariant with respect to 
the Poincare algebra. 



6.1.2 The obstacle ( I104p vanishes after we break P to V small 

Let us start with introducing some notations. For any vector we denote 
V the vector with the components: 

~\ -t;^if /iG {5,...,9} ^^^^ 



Also introduce: 



2A, = 9A-5A = 2 E (^1 (110) 

ie{5,...,9} ^ ^ 

What happens if we do not require the invariance under the full Poincare 
algebra P, but only under the P^maii of flMl) ? Then we can restrict ourselves 
to the subspace of l-L where — A5 is a fixed positive number. On this subspace, 
it is possible to express in terms of f^^ in a "Psmazz-covariant way. Let us 
choose the covariant gauge: 

d^a^ = Q (111) 



d 
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and fix the residual gauge transformations witli tlie additional "axial" gauge 
gauge condition: 

d^a^ = (112) 

where d is introduced as in (11091) . In the gauge (11121) we can express the 
gauge field in terms of the gauge field strength f^^^, = d^a^ — d^a^: 

1 _ 

«M = ^^djf,^ (113) 

Now we have two different expressions for the vector potential, Eq. (198!) 
and Eq. (I113p . The difference between these two expressions is a gauge 
transformation. Let us use a "diacritical" mark to distinguish (II ISp from 

1 ^ „ ^ I 



Note that d is Psma/rcovariant: 

QLiea = Q (115) 

while a is not — see Eq. (llOOl) . Also, for every gauge field we can calculate 
d(0). This is a functional of the gauge field, i.e. an element of %' . If we 
calculate its Que as a cochain with values in "H' we get: 

QL«e(aM(0) ) = -('Ccd^)(0) (116) 

Now let us return to Eqs. ffTOOj) . ffTOTj) and ffT02|) . On the subspace -As = 
const > the cohomology class of (I102p trivializes: 

This is analogous to Eq. (18^ of Section 15.31 Therefore the same arguments 
as we presented in Section 15.31 should imply that 

LELcfix) - icd{0) = (^Lie (something) (118) 



Ce{Ce + 1 
Indeed we have: 

1 



Ce{Ce + 1) 



iEtcfix) - a(0) = (119) 



Qiie ( -le ( a(0) + -^(d-d(O)) 



29 



( 6£ ( d(0) + -^(d-d(O)) ) ) = d-a (120) 



Also notice that: 

This means that the correction of the vector potentiah 

a^d (121) 

is completely analogous to the correction of the vertex operator described in 
Section 15.31 It turns the non-covariant expression a^dx^ into the covariant 
expression dfj^dx^^. 

6.1.3 Action of the super symmetry 

Let us now study the action of the supersymmetry generators. Let us consider 
the part of the Qlis involving the supersymmetry generators. We have: 

Que = Q^Lfe^+Qle (122) 
Qle = Cta (124) 

Q^nsr - A"J. + A^rV^^ (125) 

Here ta is the supersymmetry transformation acting on the space of states T-t 
and therefore (after fixing the gauge!) on and tp. We write only the part 
of Qiie corresponding to the super-translations; C,"' are the bosonic ghosts 
corresponding to the super-translations. To make act on a and ip we have 
to choose the gauge. 

With this notation, let us first of all present Q^^-P acting on the vertex 
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operator (1U7|) in the following form: 

+{exr^e'0{^r^e) + {exr^e){^r^e'0 + • • • = 



-^(£Ar^e)(£'er^^r,^)9[^a,] + . . . (126) 

+eQBRST Q(^m)(V^r^0) + ^-1- (e'er 9^^)+ 



This implies that 

= -l{i^'^^,^) + d,^^i^'^^%^)) (127) 
^'QL^ = -^e'er^^9[^a,] (128) 
Therefore we have indeed: 

e'QueeV = eQbrst (^{eV^e'i)a, + l-^^^e'^V^d^ilj) + . . (129) 
On the right hand side Qbrst is taken of the expression which is Qije-exact: 

(^m)a, + ^^(5'er9,v^) + ...= 

= ^'^^^^ (^2^^^^'^'^^^ ~ ^^(^r"'"^^)^M5p«. + • • •) (130) 
Then we have: 

Qbrst (^^(^r^^.^) - \l^^i(^^'"'0)d,d,a^ + (131) 

= ^ (^(Ar^^^) + ^-{eT'^x){erd,d,ij) - {XT^p'^e)d,dpa„ + . 
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This means that the following vertex operator: 

V = + i^^'0)a, + ^^{Xr^P-e)d,d,a. + ... (132) 

transforms covariantly under the odd shifts. This can be also understood as 
follows: 

V = -l^^(>^^%^) + i>^^'^'"'(^)^dA,a.i + ■■■ (133) 
Now we recognize what it is: 

Vix, 9, A) = ^^X-r,^d,W^{x, 9) (134) 

where W°'{x,9) is the superfielclfl related to the Maxwell superfield Aa{x,9) 
by the chain of transformations: 

TiaAp) = l^pA, (135) 
TaA^-T^A^ = gf^uKfsW^ (136) 
See [20j for a recent discussion of W"". 

6.2 Supergravity field. 

In flat space the supergravity fields split into the product of the left and the 
right component; the left and right components are essentially free Maxwell 
fields. The bispinor field is defined as follows: 

P^^ = Wiwi (137) 

where W is the field strength superfield of the free Maxwell theory; the ^ = 
component of is the gaugino V'". 

This bispinor field is a linear combination of the RR field strengths con- 
tracted with the gamma- matrices [2T] : 



+ asFijnneie^e^iT'^'T^ + aiFieiiTT^ (138) 



want to thank Yuri Aisaka for duscussions about W° 
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where and ai are some numeric coefficients which we do not need. The 
supersymmetry variations of P is given by this equation: 

tlP^^ = 5iC^ + {V^ntC^^^^ (139) 
tlP^f' = 5iC^ + iV.r.ntC^'^'' (140) 

where is a combination of the left dilatino and the left gravitino field 
strength dym^Jn] , and is a combination of the corresponding right fields x 

and dimipn]- 

The SPsma/rcovariant vertex in fiat space is the product of two expres- 
sions of the form (I134p : 

v = {xr Afd^d,pr~x) (141) 

This is BRST equivalent tcl^: 

V' = (AFA^^PF^A) (142) 

6.3 Relation between the covariant vertex in AdS^ x 
and the fiat space expressions (11411) . (11421) . 

The construction of Section |5] implies that the PS'[/(2, 2|4)-covariant vertex 
operator exists in AdS^ x S^. This construction gives f ll4ip when applied in 
the fiat space limit. (We have demonstrated this for the Maxwell field, but 
the free supergravity vertex in flat space is just the product of "left" and 
"right" Maxwell vertices.) Therefore both (1141 p and the BRST-equivalent 
(I142p should be the fiat space limits of some covariant vertices in AdS^ x 5*^. 

Notice that (I142p reduces to fl26|) in the zero momentum limit, except 
for the overall normalization factor which becomes singular on the zero 

As ° 

mode. 

However we were not able to write explicit expressions in terms of the 
supergravity fields in AdS space which would explicitly generalize the fiat 
space formulas (I14ip or (I142p . 

want to thank N. Berkovits for suggesting this simphfied form, and many other useful 
comments 
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7 Covariant vertex and the endpoint of the 
Wilson line 



7.1 The BRST complex of the endpoint 

Consider the Wilson line operator corresponding to a semi-infinite contour 
going from infinity to some point B on the string worldsheet: 

.00 



in some representation p of psu(2, 2|4). Consider the action of Qbrst on this 
operator. If we neglect the contribution of the boundary terms at infinity, 
then the BRST variation is[3l IH [5]: 

eQBRSTT[C^]{z) = (-eXUB)pitl) + zeXUB)pitl)] T[Cg]iz) (143) 



(See Section 2.2 of [22] and Section 7 of [7] for a discussion of this formula.) 

Let us fix some vector in the representation p "at infinity"; then this 
expression: 

T[Cg]iz)^ (144) 

is a vector in the representation space of p. Pick a vector v in the dual space, 
and evaluate it on fll44p : 



{T[Cg]{z)^) G C 



(145) 



This gives a number. Consider vectors v depending on the pure spinors A3, Ai 
and the spectral parameter z. Then Eq. fll43p can be regarded as defining 
the action of Qbrst on v: 



Q endpoint^ 



\-p{tl) + zX^pitl) V 



(146) 



This defines the BRST complex of the endpoint. The ra-cochains of this 
complex are elements 



V G Homgg 



linear space of the 
representation p in which 
we evaluate Wilson line 
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where is defined in Section and the differential is f ll46p . The "plugs" 
which we introduced in Section 11.1.21 are the cohomologies of this complex. 
Unfortunately we do not know a general classification of the cohomologies of 
this complex for a general representation p. 

7.2 The BRST complex of the Wilson line endpoint 
is isomorphic to the BRST complex of covariant 
vertices 

We will now consider the special case where p is the representation oipsu{2, 2|4) 
on the space of states T-L of the BPS multiplet. In this case we will relate 
the BRST complex of the endpoint (I146p to the BRST complex of covariant 
supergravity vertices. 

7.2.1 Frobenius reciprocity 

Let us remember the general structure of the covariant vertex from Section 
WE 

V G HomgCH,Coind|,P") = HomgCH, Homgg(Wg, P")) 

Here n = 2 for the supergravity vertex, but we want to consider the whole 
BRST complex so we keep n. Let us evaluate V on the unit of the group: 

HomgCH, Homgg(Wg,P") ) (147) 
evaluate on 1 G 

This defines a correspondence between covariant vertices V and vectors in 
HomggCH,P"): 

Homg(?^,Coind|„P") 9 V evaluate on 1 ^ ^ Homgg(?/, P") (148) 

Notice that V is a function of x, 9 while v is essentially its value dX x = 
6 = 0. Nevertheless, the correspondence fll48p is a one-to-one correspon- 
dence between the elements of Homg('H, Coind|_P"') and the elements of 
Homgg(?/, P"). Indeed, the symmetry under g: 

Hom g (H, Coind^^P") 
this g 



35 



allows to relate V(\l/)(5') to V{g~^'^){l), see Eq. (1^ . In other words, if 
we know the value of the covariant vertex at the point x = 6 = for all 
states then because of the global symmetry we know the covariant vertex 
everywhere (for arbitrary x and 6). This construction is an example of the 
Frobenius reciprocity: 

Rom^jn, Coind|„L) ^ Rom^^^jni^ 

which is true for any representation L of gg; in our case L = V"'. 

To summarize, given the covariant vertex V, we define v G Homgg('H, V"') 
by saying that the value of f on \1/ G H is: 

^;(^) = V(^)(l) (149) 
7.2.2 The action of Qbrst 

Note that both the left hand side and the right hand side of (11491) are elements 
of "P" i.e. polynomials of A3 and Ai. We can evaluate them on A: 

t;(^)(A3,Ai)=V(^)(l)(A3,Ai) (150) 

This is a quadratic polynomial in A3 and Ai. Eqs. (162!) and (159|) imply that 
the action of Qbrst on the covariant vertex corresponds to the following 
action on v. 

iQBRSTv)W{X3, Ai) = -t;(A3^ + Ai^)(A3, Ai) (151) 

This formula for Qbrst can be interpreted in the following way. The space 
Homc('H,P^) is obviously a representation of g = psM(2,2|4), just because 
H is by definition a representation of g. (The part just "goes along for 
the ride".) Let us denote this representation p (the action of x G g on f is 
p{x)v). Then (I15ip implies that the action of Qbrst on Homg('H, Coindg^^P^) 
corresponds to the action of the nilpotent operator Qendpoint on v defined by 
this formula: 

Qbrstv{X3, Ai) = (X'^pitl) + X'^p{ti))v{Xs, X^) (152) 
This is identical to Qendpoint of (11461) at 2; = 1. We conclude that: 
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V represents a co homology class H"^ {Q endpoint) of the following 
complex: 

. . . — > n' ^ . . . (153) 

In other words, the BRST complex on covariant massless vertices (indepen- 
dent of derivatives) is equivalent to the endpoint complex Homgp('H, P*). 



7.2.3 Including the spectral parameter z corresponds to rescaling 
the pure spinors. 

We have demonstrated that the complex fll52p is equivalent to fll46p at z = 1. 
But in fact (I146P at z = 1 is equivalent to f ll46p at z ^ 1 by rescaling of A3 
and Ai. In other words, the map 

V ^-^ v' 

v'{\3,\i)=viz-'\3,z\i) (154) 
is the equivalence of the complex f ll46p at z = 1 and the same complex at 

Zy^l. 



7.3 Endpoint BRST complex and the Lie algebra co- 
homology 

There is a relation between the endpoint cohomology and the cohomology of 
the positive-frequency part of the loop algebra of ps/(4|4). 

Consider the algebra formed by the positive frequency Z4-twisted loops 
with values in ps/(4|4). We will denote is L+g. The cohomology complex is 
generated by the ghosts ct/., where k G {1,2,3, . . .} and a the enumerates 

the adjoint representation of ps/(4|4). We have c'^i, c^2-> \ £"5, etc. 

The "energy" operator Lq counts the lower indices, for example: 

r _ n a T a [rnn] _ ^ a [mn] 

Notice that Lq is a symmetry of the cohomology complex. Another symmetry 
is the c-ghost number (the number of letters c). Let H^{L^g, C) denote the 
cohomology group with Lq = q and ghost number p. The first cohomology 
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group H^{L^g,C) is generated by c"^ (and therefore has Lq = —1). Some 
of other nontrivial cohomology groups are: 

H^_2{L+g, C) : X^fscl.cl,, U'^^X^is = (155) 
Hl,{L+g, C) : X^p.cl.ct.cl,, U'^^X^p, = (156) 

Generally speaking, if^^ is generated by the expressions of the form: 

But H^f^ is not all of the cohomology, for example there is nontrivial^ H"^^. 
The pure spinor cohomology should be identified with the part of the L+g 
cohomology with "energy" equal to minus the ghost number, i.e. -ff^^- 

8 Application: vertex operators depending 
on the spectral parameter 

8.1 How to introduce the spectral parameter into the 
vertex operator 

In flat infinite space massless vertex operators have the form: 

\4(x,^) =p(A,e)e*'=^ (158) 
where p is some polynomial of A and 9. We can write 

X(r+, r-) = Xi(r+) + Xr{t~) (159) 

where 

Xl= dr+d+X and Xr = i dr-d^X (160) 

^ oo ^ oo 

Therefore there is a generalization of f ll58p : 

9) = j9(A, ^)e*'=-^^+*'=«^« (161) 

This generalization is only well defined in flat space on those worldsheets 
which do not have handles, or in toroidal compactifications with appropriate 



"'^"this can be seen from the comparison of the character of the i/'(i+g, C) with the 
character of [23] 
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integrality conditions on and /c/j. We can formally consider fll6ip . for 
example on an infinite worldslieet without handles, if we neglect boundary 
effects. 

We will now argue that there is a partial analogue of fll6ip in AdS^ x S^. 

Given a state \& e we can prepare a nonlocal ^-dependent covariant ver- 
tex operator, in the following way. Consider the transfer matrix T^^ \z) 
from infinity to the point (r+,r^) on the worldsheet. Let us fix a vector 
vl>(°°) £ and consider: 

V^Jr\r-\z)=v(Tl:^Y-\z)¥-^){z-'X,{r\r-) , zX,{r\r-)) (162) 

So defined Vq,^{T^ ,t^\z) is analogous to: 

^ikz-^XL+ikzXji (163) 

In particular for z = 1 we get t'^I^)'^ ''('^) ~ di^^ j^~)9{'^)~^ therefore: 
V^Ar+,r-\l) = V {g{r+,r-)g{oo)-'¥^^) ( A(r+,r-) ) (164) 
This formula gives us back the covariant vertex for the state \E' if we identify: 

g{oo)-^^^°°^ = ^ (165) 



8.2 Is there a 2-point vertex operator? 

For any m G "H' we define as a non-normalizable vector in the space of 
states, characterized by the formula: 

7x(^) = (^t^ ^) for any ^ G (166) 

where (, ) is the hermitean scalar product in "H. Note that strictly speaking 
does not belong to "H because it is not normalizable. For example, one 
dimensional quantum mechanics has "H = L^(R) — the space of square 
integrable functions of one variable, with the norm = / dx\f{x)\'^. The 
dual space T-L' is the space of generalized functions; ii u E %' is defined by 
the formula u[f) = /(O) then u'^ is a delta-function S{x). 

Using these notations we can define the two-point vertex operator: 
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V^'^*((Ti+,rr), (r+,r,-)) = v ( T-^;t(A(r+, r,-)) ) ( A(r+,rr) ) (167) 

However, we conjecture that this 2-point vertex operator is in fact BRST 
exact. Indeed, although we have not checked it exphcitly, it should be true 
that the derivative of Ti^), (t2^, T2 )) with respect to ti is Qbrst- 

exact. Therefore, up to BRST-exact terms this vertex is independent of ti 
and T2. On the other hand, when ti — t- T2 we get a local vertex operator 
of the ghost number 4. There is no ^5^(2, 2|4)-invariant cohomology at the 
ghost number 4. This implies that f ll67p is BRST exact. 



9 Conclusions 



In this paper we introduced a family of z-dependent vertex operators fll62p 
parametrized by a choice of the BPS representation of psu{2, 2|4). Schemat- 
ically, these vertex operators have a form: 



r ' , r z 



plug(r+,r" 



Pexp 



(r+,r-) 



J[z] 



(16^ 



This expression is strictly speaking not BRST invariant, because of the 
boundary term at infinity. Indeed we have put an arbitrary vector from 
Ti, and this is generally speaking not a valid plug. We assume that we 
can neglect this boundary term because it is at infinit}0. We can consider 
V^^(r+,r~|z) locally near the point (r"'",r~). Notice that (plug(r+, r~)| is 
a A-dependent vector in the dual space to "H. (In fact (plug(r+, r~)| depends 
on r"*" and r~ through \{t~^, t~).) We can also think of (plug(r+, r^)| as an 
element of "H, but then we have to remember that it is not normalizable; it 
is a 5-function type of state, rather than a proper wave packet. Note that 
for a fixed A, our (plug| is a fixed vector in Ti'. In other words, for every 
BPS representation T-L we have a map, which takes a pair of pure spinors and 
transforms them into a vector in the space of BPS states: 



pure spinors 




a non-normalizable 




vector in "H which 






we call (plug 



(169) 



'^an attempt to bring the second endpoint from infinity is described in Section [8.21 



40 



It would be interesting to describe this map explicitly. The non-normalizable 
vector in "H on the right hand side of fll69p is obviously not invariant under 
psu{2,2\A) (it belongs to an irreducible representation). But it transforms 
covariantly under so{l, 4) © so(5) C psu{2, 2|4), in the sense that the action 
of so(l,4) © so(5) on the right hand side of fll69p agrees with the action of 



so(l,4) © so(5) on the left hand side of ffTBU]) . 

Another way of thinking about (plug| is in terms of the cohomology of 
the operator: 

-X-.tl + zX^tl (170) 

acting on the BPS representation "H (more precisely, the gg-invariant tensor 
product of 'H! with the space of polynomials of A3,Ai). Our results imply 
that the second cohomology of this operator is nontriviaQ represented by 
the cocycle (11691) . 

Notice that this provides a purely representation-theoretic characteriza- 
tion of the linearized SUGRA spectrum on AdS^ x 5*^. Indeed, the question 
of the existence of the excitation transforming in the representation 1-i is 
reduced to the calculation of the cohomology of the operator (I170p . which is 
defined in terms of the generators ta of the representation "H. 

There is also another example of a plug, a plug of the ghost number 1. 
Consider the Wilson line in the adjoint representation. The cohomology of 
(llTOp in the adjoint representation is nontrivial and is represented by: 

-\%tl - z\lt\ (171) 

This is obviously a A-dependent vector in the adjoint representation, of the 
ghost number 1. One can verify that this is annihilated by ( ]170p : note the 
relative minus sign of the second term in f ll7ip . Therefore we can take f ll7ip 
as a plug, and consider: 

V{r^,T-\z) = Str I ( -\lt\ - z\\t\ \ Pexp \-\^ ' ^ .]\z\ \ 



At z = 1 the corresponding integrated vertex operator is the density of the 
local conserved charge Str((j+(ir"'"— j_(ir~)\l/*-°°-'). We will prove in Appendix 
|A]that (I17ip is the only example of the endpoint cohomology at ghost number 




A similar (but different) cohomology problem was considered in [24l [25l [26] . 
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1. In particular, there is no nontrivial cohomology for representations other 
than the adjoint. 

With these notations the 2-point vertex (11671) reads: 



(But as we discussed at the end of Section [H2] this must be BRST exact.) 
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A Cohomology at ghost number one 

In this section we will prove that the only cohomology at ghost number 1 are 
the global psM(2,2|4) conserved charges. 

A.l Global conserved charges and BRST cohomology 

The conserved charges are the descendants of the cohomology classes of the 
ghost number 1. The "standard" local conserved charges correspond to the 



(172) 
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global symmetries P5'C/(2, 2|4). They descend from the following operator: 



In other words, wc have the following cohomology class of the ghost number 
one in the adjoint representation of g: 



In this section we will prove that there are no nontrivial cohomology classes 
of the ghost number 1 in representations other than the adjoint. 

A. 2 Cohomology classes at ghost number 1: the defin- 
ing equations. 

Fix a representation ^ of g = psu{2, 2|4). We will assume two things about 



• as a representation of g it is irreducible 

• as a representation of geven it is completely reducible, i.e. decomposes 
into the direct sum of irreducible representations 

We will write a representative of the cohomology class in the following way: 



The condition of go-invariance says that and T4 should define intertwining 
operators of go: 



(173) 




(174) 



J": 



(175) 



V e Homgo(g3, J^), 

V e Homg„(gi,jr) 



(176) 
(177) 



In other words: 



tlpal^a — f[p<j]a Vp 



(178) 
(179) 
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— the conditions of go-covariance. The conditions for being annihilated by 
Q are: 

tlVp + tlV^ = f^p^A^ (180) 
tl% + t'^^ = f.fi'K (181) 

tVp + t^f^a = (182) 
For example, the class f ll74p is represented by: 

Va = -tl (183) 

A^ = —A^ = 

We consider the solutions of f ll80p trivial if they are of the form: 

Va=tl^, Va = tl^ (184) 

where = 0. 

We want to prove the following: 



Theorem: Nontrivial solutions to Eqs. (11801 - I182p exist only when J-" is the 
adjoint representation of g, and are given by (I183P up to adding a trivial 
solution. There are no other nontrivial solutions. 

We will now proceed to prove this. 

A. 3 Cohomology classes at ghost number 1: conse- 
quences of the defining equations 

Acting on (I180p by we get: 

{UJ'%.]V, - tltlV,) + (a o /3) = U^%A, (185) 
This with Eqs. f lTTg]) and ( 1TH2]) implies: 

(//^J^'^Vm/^, + (« ^ /?)) + fa^X^p = U%A, (186) 
This with the Jacobi identity for // implies: 

/./^« = tl% - t^A, (187) 
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Similarly we have: 

/m/K. = tlV^ - t^A, (188) 
Let us act on ffTSTD by P'^^t\: 



f^J,ft\Va = P^t\tl%-P^,t\t\A,= (189) 

~ 1 ■ ~ 1 ■ 

_ j.7/3 J- Oj-Sta _| J- .Ay.2 /I J- .Aj-2 /I 

This and (11821) implies: 

tlA, - tlA^ = (190) 
Let us denote: Bfj_ = + A^j,. We have: 

tlB,\ = (191) 
Note that the gauge transformation 

= tl<l> , 6V^ = (192) 
where $ is gg-invariant leads to: 

5B, = (193) 

Therefore we should think of as an element of H^{g,geven,J^)- But this 
cohomology group is zero because H^{g,J^) = (notice that the Serre- 
Hochschild spectral sequence for geven C g has '° = H^ig, geven, J^) and d2 
acts from to E'f"*'^'''"^). Therefore we should be able to gauge away B^. 
Let us therefore assume: 

= -4 (194) 
Note that this equation and fll90p implies: 

tlA, + tlA^ = (195) 

Therefore we can rewrite fll87p and fll88p as follows: 

= tJV> - t^A, (196) 

pp^V^ = tlVp + t'pA^ (197) 

Let us define F^j, by the following equation: 

Fp. = t^A^ (198) 
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Eq. (11951) implies that Fp„ is antisymmetric: Fp„ = —F„p. We get: 

— —- f [/"^l f r ^.'^A —if ['"^l f r — 
2^Mi^ J lpcr\X 2'''^^ J Ipo-lX 

= -Uu^'''^f[pa]X^A^ (199) 

This imphes, first of all, that Ff^,y is zero when fi is tangent to and u 
is tangent to AdS^. Therefore is completely encoded in terms of G[i^i^] 
which is defined by this equation: 

Fp. = fpJ'"'^G[p,] (200) 

Eq. ffT99D implies for Gip^y. 

^xGitMu] = fx[pufA^ (201) 

This means that the linear space formed by Ap and G^p,^] is closed under the 
action of geven, Siud is in fact the adjoint representation of geven (where Ap 
corresponds to 2tp and G[p,,] corresponds to 2t[p^j). This is already close to 
what we wanted to prove. But we have to also tame the expressions of this 
form: 

tltlt\tlAp , , etc. (202) 

For this purpose, let us use fll96p and (11971) in this expression: 

+3+1 /l _ +1+3 4 _ 

= tlitlV^ - fpp'V,) + t\{tlv^ - fpj%) = 

= -fpc?{t\Vp + t^^y^) - fpp\tlv, + t^K.) = 

~ f^p'f'^'y fapl^f^ij Aiy (203) 

On the other hand, the combination tj^t^A^ + t^t^A^ can be calculated using 
the go-invariance. This implies: 

tltUp = ff,;U,^A, (204) 
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We will also use this: 

-lf7'5f. M/0 ^34 _ 1 7'5+3^1^3 4 _ 

= (205) 

c 

Here we used the schematic notation {f ff) for a product of three structure 
constants with some indices contracted, and c is determined from = 
C(5^. The subspace of J-" generated by acting on A and G by finitely many 
and is finite-dimensional. Indeed, using f l204p and fl205p we can prove that 
it is generated as a linear space by expressions of the form: 

tk-'-tU^,, tla,---tl,]A, ik> 0) (206) 
and (207) 

where the square brackets stand for the antisymmetrization of the indices (for 
example tfj^^A^ stands for (t^t^ - tpDA,,). Eqs. (1204]) and fl205D imply 
that this subspace is closed under the action of g. Because J-" is assumed 
to be irreducible, we conclude that J-" is generated by fl206p . (12071) . Because 
of the antisymmetrization of the indices of and there are only finitely 
many linearly independent expressions of the form (I206p . This proves that 
J-" is a finite-dimensional space. 

The subspace in generated by: 

A^ , G[fj,i,] , taA^ , taAf^ (208) 

is closed under geven- Let us denote this space £. Obviously £ C J-". 

Theorem. L = T . 

Proof. One can see that for any element f of H {i.e. a finite linear combina- 
tion of expressions of the form fl206p ) there is a number p such that for any 
q > p and any q elements ^1, . . . , of geven we get: 

^i---^gVeC (209) 

Indeed, let us consider for example acting by ,^ G gg on expressions of the 
form t? ^ ■ ■ - t^ lA^. Let us define the degree of such an expression by the 
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following formula: 

deg ■ ■ ■ tl^]A^ = deg t\^^ ■ ■ ■ tl^^A^ = k (210) 

More precisely, we introduce a filtration of "H saying that F^Ti consists of 
all the elements of "H which can be written as linear combinations of the 
expressions of the form fl206p of the degree less or equal k. Using Eqs. fl204p 
and (12051) we derive that for /c > 1: 

tlF'^H C F^-^H (211) 

This implies (I209p . Because of the assumption that J-" is completely reducible 
as a representation of geven, Eq- (I209P implies that L = T . 

We conclude that T is in fact generated by expressions (I208p . Note that the 
linear space generated by (12080 consists of the even subspace generated by 

and G^^y-^, and odd subspace generated by t^A^, t^A^. The even subspace 
is the same as in the adjoint representation. Therefore the odd space should 
be also the same. 

This proves that "H is the adjoint representation of g = psu{2, 2|4). 



A. 4 Relaxing the requirement that T is irreducible 

We have argued that the subspace generated by (12061) in fact coincides with 
J-", based on J-" being an irreducible representation of g. This requirement 
can be replaced with the requirement that H^{g, J^) = 0. Suppose that (12060 
generate a smaller subspace J^a+g C J-". Let us denote v the projection of V 
on J'/J'a+g- 

v = V mod J^A+G (212) 

Then ffTSTD implies: 

tlv^ + t^Va = tlv^ + f^Va = tlv^+t^Vc, = (213) 

These equations imply that [va, Vp) actually form the spinor representation 

of Seven- 

tmVa = fma^Vf) (215) 
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We will now explain, using fl214p and fl215p . that v can be gauged away 
if if^(g, ge„en, = 0. And this cohomology group vanishes if if^(g,J-') 
vanishes. 

More generally, let us consider the subcomplex of the BRST complex 
covariant under g,even- This means consider the chains which satisfy: 

^mV...am /ji.../3„ = /'""i"' /3i.../3„ + • • • (216) 

On this complex the BRST operator coincides with the Lie cohomology Q- 
operator in the relative complex H'{g,,g,eveni The relative cohomology is 
related to H'{g,J^) by the Serre-Hochschild spectral sequence. Namely 

i/^(g,h,^) = Ef (217) 

The differential dr acts from E^'*^ to particular: E^'^ is related 

to El+''^-'-. 

^l-r,-l+r Jr^ ^1,0 Jr^ ^l+'-.l-'^ (218) 

This means that E^'^ cannot cancel with anything and therefore H^{g, h, J-") 7^ 
implies that H^{g, J-") 7^ 0. Therefore, if if^(g, J-") vanishes, then H^[g, h, J-") 
should also vanish. 
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